BeH is one of the most important benchmark systems for ab initio methods and for studying Born-Oppenheimer breakdown. However the best empirical potential and best ab initio potential for the ground electronic state to date give drastically different predictions in the long-range region beyond which measurements have been made, which is about ∼ 1000 cm −1 for 9 BeH, ∼ 3000 cm −1 for 9 BeD, and ∼ 13000 cm −1 for 9 BeT. Improved empirical potentials and Born-Oppenheimer breakdown corrections have now been built for the ground electronic states X(1 2 Σ + ) of all three isotopologues. The predicted dissociation energy for 9 BeH from the new empirical potential is now closer to the current best ab initio prediction by more than 66% of the discrepancy between the latter and the previous best empirical potential. The previous best empirical potential predicted the existence of unobserved vibrational levels for all three isotopologues, and the current best ab initio study also predicted the existence of all of these levels, and four more. The present empirical potential agrees with the ab initio prediction of all of these extra levels not predicted by the earlier empirical potential. With one exception, all energy spacings between vibrational energy levels for which measurements have been made, are predicted with an agreement of better than 1 cm −1 between the new empirical potential and the current best ab initio potential, but some predictions for unobserved levels are still in great disagreement, and the equilibrium bond lengths are different by orders of magnitude.
. Comparison of the rotationless adiabatic potentials from 2014 [this work] and 2011 [24] for the ground state of 9 BeH. Observed vibrational levels are blue and levels predicted by the 2014 potential are gray. The red curve represents the expected long-range behavior according to theory (Cm values are in Table I and damping functions Dm(r) are the Douketis-type functions defined in [42] with s = −2 and ρ = 0.9). 
)
termine a meaningful value of u H 0 , and the lack of confidence in the predictions of the unobserved vibrational levels were all the result of:
1. the fact that the highest vibrational level at which data were available, for any isotopologue, was ∼ 1000 cm −1 below the dissociation limit, and 2. the study used an EMO (expanded Morse oscillator) model for the potential, which dies off faster than exponentially with respect to the internuclear distance r, while theory dictates that for very large r, the potential should approach the dissociation asymptote with an inverse-power form (much more slowly than the EMO model does).
No new data has been published for any of the BeH isotopologues, so the ∼ 1000 cm −1 gap in spectroscopic guidance still presents a challenge. However, by using a model superior to the EMO we: 3. confirm that the extra predicted levels in the 2006 empirical analysis [25] , and exactly the same number of further predicted levels as in the 2011 ab initio study [24] do in fact exist in our MLR potentials.
4. The present fit to the same spectroscopic data as in 2006, is also able to reproduce the measured energy transitions on average about 7% closer than the 2006 potential, with far fewer digits in its parametrization.
The 2006 study used the EMO model because there was reason to believe that the long-range tail of the rotationless potential had a barrier (see discussion and references in the fourth paragraph of this paper's Conclusions section). However, the 2011 ab initio calculation [24] has earned our trust (it predicted all but one of the 9 BeH, 9 BeD, and 9 BeT vibrational spacings in the data region to within 1 cm −1 of the spacings given by the 2006 empirical potential), and it shows no signs of the existence of a rotationless barrier. Furthermore, the theoretical long-range potential based on the tremendously accurate long-range constants (C 6 , C 8 , and C 10 ) which were recently calculated [44] for BeH (presented in Table I ), also suggests that there is no barrier or turning points in the long-range.
This eliminates any doubt that there may have between data near the bottom of the potential's well, and data at the very top [45] . In 2013 spectroscopic measurements were made in the very middle of this gap, and it was found that the vibrational energies predicted by the MLR potential from [45] were correct to about 1 cm −1 [46] . This means that the MLR model can be capable of making very accurate predictions outside of the data range, which is particularly pertinent for the present case of BeH which at the moment still suffers from the issues mentioned above.
I. THE NEW POTENTIAL
With the exception of using an improved model for the BeH adiabatic potential energy function V (1) ad (r) and the BOB correction functions ∆V (α) ad and g (α) (r), we fit the same Hamiltonian to the same data set as used in the 2006 empirical analysis of BeH [25] . Instead of using the EMO model of the 2006 study, we use the MLR model for V (1) ad (r) , exactly as described for the a-state of Li 2 in 2011 [45] . We also use the exact same definitions of ∆V (α) ad and g (α) (r) as in that Li 2 study [45] ; the only difference from those used in the 2006 BeH study is the use of two separate Surkus powers in ∆V (α) ad : p ad and q ad , rather than just p ad .
For each reference isotopologue, the long-range coefficients were taken from Table I . Relativistic effects were not taken into account in the calculation of these long-range coefficients because the relativistic correction for hydrogen is expected to be about 10 times smaller than the finite-mass correction [44] , and the overall error due to neglecting relativistic effects was expected to be smaller than the error due to the Be structure model [44] . Likewise, finite mass corrections for 9 Be were smaller than the estimated uncertainty in the overall values of the long-range coefficients [44] . While this was also true for the isotopes of hydrogen, the differences across the three isotopes are expected to be reliable [44] .
The final MLR potential and BOB correction function parameters are presented in Table II . While ab initio potentials with varying amounts of included theory were discussed in the original paper [24] , all figures, tables and discussion about rotationless potentials in this paper refer to the final adiabatic potentials for each isotopologue, referred in the original paper as "CV + F + R + D" to indicate the use of MR-ACPF/aug-cc-pCV7Z(i) (denoted by CV), an estimate of electron correlation effects beyond the approximations of MR-ACPF (denoted by F), second-order Douglas-Kroll-Hess (DKH) scalar relativistic corrections (denoted by R) and mass-dependent diagonal BOB corrections (denoted by D). Furthermore, the 2011 ab inito study of [24] also included non-adiabatic BOB corrections for the calculation of rotational constants B v and centrifugal distortion constants D v . The values of these constants with the non-adiabatic corrections taken into account were not presented in the original paper [24] , but were generously provided by the author for the present comparison.
No point-wise representation for these final (CV + F + R + D) potentials were listed in the original paper [24] , Therefore these points were only plotted for fairly large values of r, and for small values of r, cubic splines were created through the dense meshes of ab initio points, and points were only plotted from the interpolant at certain places chosen to maximize readability. Tables IV, V and VI of [24] . While those tables did not show v = 12 for 9 BeH or v = 17 for 9 BeD for the 2011 ab initio potentials and v = 13−18 for 9 BeT for the 2006 empirical potential, those potentials did in fact support these levels, so their predictions are included in Table IV of the present paper.
In last column of Table IV , it is emphasized that the disagreement between the present empirical potential and the 2011 ab initio potential of [24] only rises above 1 cm −1 for one vibrational spacing in the data region (the space between v = 9 and v = 10 for 9 BeH). This was also the only vibrational spacing in the data region for which the disagreement between the predicted energy spacing of the 2011 ab initio and the 2006 empirical potential was larger than 1 cm −1 . However, in the region where measurements have not been made, the ab initio potential is for the most part in much better agreement with the present empirical potential than the 2006 empirical potential, particularly in the number of vibrational levels supported and in the energy spacings of higher vibrational energies.
Furthermore, in Table III we see that the 2011 ab initio potentials of [24] predicted a dissociation energy D e that is 74 cm −1 closer to the present empirical potential than the the D e predicted by the 2006 empirical potential of [25] . Combining this observation with those in the above paragraph, and the comparison of the potential energy curves in Figs 1, 2, 3 and 4, tells us that the 2011 ab initio potential actually made more accurate predictions than the 2006 empirical potential for various rotationless properties such as the dissociation energy, vibrational energy spacings for very high values of v, number of predicted levels, and the potential energy curves themselves are simply in better agreement.
Finally it is interesting to note that the predicted value for the leading term of the adiabatic BOB correction function for hydrogen (u H 0 = −13 ± 10 cm −1 in Table  II) , despite its large uncertainty due to the large gap in data between the highest observed vibrational level and the dissociation asymptote, is very similar to the value (u H 0 = −15.183 ± 0.61 cm −1 ) obtained for the recent extensive study on the ground (X, 1 2 Σ + )-state of MgH, for which the fit was to 20 103 spectroscopic data across MgH and MgD (c.f. to the present study which involves a fit to 2821 data across BeH, BeD and BeT).
III. CONCLUSION
Spectroscopic studies of BeH date back to as early as 1928 [30, 31, 48] , and Hartree-Fock level ab initio studies on the system go back as far as 1967 [1] . At present, about 11%, 17%, and 21% of the adiabatic rotationless potentials for 9 BeH, 9 BeD and 9 BeT respectively, have not yet been covered by spectroscopic measurements. Consequently, the dissociation energy D e , the number of vibrational levels, and the leading term of hydrogen's adiabatic BOB correction function u H 0 have been elusive, the latter having its first empirical value reported in this present work, and the former two varying greatly in the most recent empirical [25] and ab initio [24] studies before this work.
For all three isotopologues, the confidence intervals for the empirical values of the D e 's deduced from the present study are still about ±200 cm −1 which is rather large for a D e , especially for such a fundamental system. However, these empirical values are closer than ever to the state of the art ab initio values [24] which differ by at most 48 cm −1 (in the case of 9 BeD). The present study predicts the exact same number of vibrational levels for all three isotopologues as the state of the art ab initio study [24] . Of the predicted levels, v = 11 − 12 for 9 BeH, v = 13 − 17 for 9 BeD, and v = 4−19 for 9 BeT have never been observed experimentally. Of these unobserved transitions, v = 11 for 9 BeH, v = 13 − 15 for 9 BeD, and v = 4 − 18 for 9 BeT are predicted to be bound by over 100 cm −1 , by both the present study and the state of the art ab initio study of [24] , so they are likely to exist. The higher levels are in a region where the ab initio vibrational energies had already started to deviate rather greatly from the present empirical potential, so confirmation of their existence awaits further experiments or higher level ab initio calculations, perhaps with non-adiabatic BOB corrections included.
Finally, the nature of the long-range tail of BeH potentials has been an intriguing mystery for several decades. Early electronic structure studies [7, 8, 39 ] discussed the possibility of there being a rotationless barrier or multiple inflection points in the long-range region. This was at focus in subsequent ab initio studies which found that these irregularities disappeared as the basis set size increased or other improvements were made [9, 10, 12] , and even in later studies which again found such irregularities in the r = 3 − 5 Å region [14, 17, 18, 49] . Figs 2, 3 and 4 provide a compelling reason to believe that no such irregularities found in earlier ab initio studies are genuine. The latest ab initio study of [24] , which in the data region agrees very well with experiments, did not show evidence of such irregularities. Since the figures show that no spectroscopic data is available in the r = 3 − 5 Å region, the fact that the empirical potentials from the present analysis also do not appear to have such irregularities is a consequence of the fact that the model upon which they were based was designed to smoothly transition between Morse-like short-range to mid-range behavior, and inverse-power long-range behavior according to theory. Since the coefficients in Table I are all positive, the theoretical inverse-power tail of the long-range potential is monotonically decreasing with respect to r and therefore cannot have a barrier or inflection point. Due to the large gap between the highest experimentally observed vibrational levels and the point at which the empirical MLR potentials join the theoretical long-range potentials (that we see in the figures), there may be some room for inflections which the MLR model was not able to capture, but the acute agreement with the accurate ab initio potential energy curves rules out the possibility of a barrier and casts doubt on the existence of inflection points.
Finally, the new adiabatic potentials and BOB corrections functions for 9 BeH, 9 BeD, and 9 BeT presented in this paper can be used to benchmark ab initio methods, especially for open shell molecules, since BeH is the simplest neutral open shell molecule with a stable ground electronic state. All of them are provided for a dense grid of internuclear distance values in a text file in this paper's Supplementary Material, along with MATLAB and FORTRAN programs to generate them at any internuclear distance using their analytic expressions. The present study adds BeH to the ever-growing list of molecules for which accurate empirical MLR-type potentials are available [45] [46] [47] .
NOTE ABOUT REFERENCES
While 24 ab initio studies were referenced in the introductory paragraph to this paper, other references may have been missed due to the author not being aware of their existence. Likewise, experimental studies before 1937 and after 1974 have been cited, but other studies about which the author is unaware may exist. If the reader is aware of any such references, they are keenly encouraged to inform the author at dattani.nike@gmail.com.
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